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Abstract: The design of a spacecraft trajectory can be formulated as a global optimization task.

The complexity of the resulting problem depends greatly on the final target planet, the chosen
spacecraft intermediate route, and the type of engine and power system available on-board. Few
attempts have been made to directly use a global optimization framework to design trajectories
that make use of low-thrust propulsion because of the large scale and extreme complexity
of the resulting non-linear programming problem. The presence of non-convex constraints,
in particular, requires the use of solvers able to deal with such an added complexity. Here,
the Sims-Flanagan transcription method is proposed to model the low-thrust trajectory
design as a constrained global optimization problem. Then, two different solvers are applied:
basin hopping and simulated annealing with adaptive neighbourhood. Both algorithms are
hybridized with a local search. Two different interplanetary trajectories are considered: an
Earth-Earth-Jupiter transfer with a nuclear electric propulsion spacecraft inspired by the
Jupiter Icy Moons Orbiter and a transfer to Mercury inspired by the BepiColombo mission. For
both problems, the proposed approach proves to be able to explore automatically the vast solu-
tion space, producing a large number of trajectories in a large range of final mass and flight times,
proving the possibility to apply global optimization techniques directly to the low-thrust
problem.

Keywords: global optimization, low-thrust trajectory, basin hopping

1 INTRODUCTION

The application of global optimization techniques to
the design of interplanetary trajectories has received
quite some attention in the past years as it becomes
increasingly evident that such a framework intro-
duces a high level of automation in a process that is
otherwise still heavily relying on expert engineer-
ing knowledge. The systematic study of global
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optimization algorithms in relation to chemically
propelled spacecrafts [1-6] has proved that efficient
computer algorithms are able to produce, for these
types of spacecrafts, competitive trajectory designs.
Thanks to initiatives such as the Global Trajectory
Optimization Competition [7] and the Global
Trajectory Problem database [8] of the European
Space Agency, the attention of communities not tra-
ditionally linked to aerospace engineering research
[9-11] has increased bringing a beneficial influx of
new ideas and solutions, thus advancing the field
considerably. While for problem formalizations
such as the multiple gravity assist (MGA) and the
multiple gravity assist with deep space manoeuvre
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(MGA-DSM) [4], the advantages of using these tech-
niques has been proved, no convincing results have
been produced so far [12] in the case of the low-thrust
multiple gravity assist (LT-MGA) problem. The opti-
mization problem of simple low-thrust trajectories
can be solved efficiently by local optimization meth-
ods. However, on a large design space, local methods
converge to suboptimal solutions or sometimes fail to
converge if a good starting guess is not provided. On
the other hand, global methods fail to provide a good
solution because of the complexity of the resulting
non-linear programming (NLP) problem that, unlike
the box-constrained MGA and MGA-DSM, has to deal
with a high number of non-linear constraints if an
accurate spacecraft dynamics has to be accounted
for. Constraints in the optimization problem can be
handled as an extra penalty term in the objective
function [13]. However a suitable value of the weight-
ing factor on the penalty is unknown beforehand.
A bad choice on the weighting factor leads to prema-
ture convergence on the objective or to infeasible
solutions. Some recent works [13, 14] are built upon
and a global optimization framework is presented for
the LT-MGA problem where non-linear constraints
handling is incorporated in the main global optimi-
zation loop via the algorithm hybridization with a
local method. The resulting algorithm explore effi-
ciently the vast solution space of low-thrust trajecto-
ries, thus producing a convincing case for using
global optimization techniques also in relation to
the LT-MGA problem.

2 TRAJECTORY MODEL

The trajectory model that is to be used to transcribe
an LT-MGA trajectory optimization into a NLP pro-
blem (to be solved by global optimization methods) is
crucial to the success of the overall algorithm
one wants to produce. Criteria to be accounted for
include accuracy in the description of the spacecraft
dynamics, computational efficiency in the objective
function and constraints evaluation, problem dimen-
sion, and number of non-linear constraints pro-
duced. Bearing these issues in mind, in this article,
a version of the trajectory model proposed by Sims
and Flanagan [15] is to be used. Figure 1 briefly illus-
trates such a trajectory model. Trajectory is divided
into legs which begin and end with a planet. Low-
thrust arcs on each leg are modelled as sequences
of impulsive manoeuvres AV;, connected by conic
arcs. The number of impulses (which is the same as
the number of segments) is donoted by N. The AV; at
each segment should not exceed a maximum magni-
tude, AVpa, where AV is the velocity change

A Matchpoint

@ Planet

e Segment midpoint
= Impulsive AV

| Segment boundary

Fig. 1 Impulsive AV transcription of a low-thrust

trajectory, after Sims and Flanagan [15]

accumulated by the spacecraft when it is operated
at full thrust during that segment

AVmax = (Tmax/m)(tf - tO)/N (1)

where T« is the maximum thrust of the low-thrust
engine, m the mass of the spacecraft, and 7y and # the
initial and final time of a leg. The spacecraft mass is
propagated using the rocket equation [16]

M1 = miexp(—AV;/glsy) 2)

where the subscript i denotes the mass and A Von the
ith segment, g, the standard gravity (9.80665 m/s?),
and I, the specific impulse of the low-thrust engine.

At each leg, trajectory is propagated (with a two-
body model) forwards and backwards to a match-
point (usually halfway through a leg), where the
spacecraft state vector becomes S,,;/={ry, 1y, 1 Uy
Uy, Uz, My (and similarly for S,,;,), where r and v
are, respectively, the position and velocity of the
spacecraft and the subscripts represent, the
Cartesian x, y, zcomponents. The forward- and back-
ward-propagated half-legs should meet at the match-
point, or the mismatch in position, velocity, and mass

Simf — Smb = {ATx, ATy, ATz, Avy, Avy, Av,, Am}
(3)

should be less than a tolerance in order to have a
feasible trajectory. The patched-conic assumption is
employed for gravity-assist trajectories, in which
the spacecraft velocity is changed instantaneously
by the planet’s gravity during a flyby. The angle
between the incoming and outgoing V., or the
flyby turn angle 9, is given by

$in(3/2) = 1/(1 + 1, V2 /) (4)
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where r;, is the flyby periapsis radius and p the grav-
itational parameter of the gravity-assist body.

3 OPTIMIZATION PROBLEM

3.1 The objective and constraints

Under the trajectory model proposed in this article,
the optimization of low-thrust trajectories is formu-
lated as an NLP problem, where the objective is to
maximize the final spacecraft mass (1)

max mg (5)

subject to:

(a) the equality constraints on the state mismatch in
equation (3);

(b) the inequality constraints that AV, <AV
(equation (1));

(c) the inequality constraints that the angle between
the incoming and outgoing V,, vectors is less than
the maximum turn angle given by equation (4).

Note that the constraints on the AV magnitude can
be considered as linear constraints, non-linear con-
straints, or simply bounds on the decision vector var-
iables according to the exact choice of the decision
vector encoding.

3.2 The decision vector

The decision vector used contains the following
variables:

(a) the departure epoch f;

(b) the departure velocity relative to the Earth V,;

(c) the departure mass m1;

(d) for each leg j and each segment i, the impulse
intensity and direction AVj;

(e) for each swingby, the incoming and outgoing
velocities relative to the planet;

(f) for each swingby j, the swingby epoch #;

(g) the spacecraft mass at each swingby m;;

(h) the arrival epoch #;

(i) the arrival mass m;.

All the velocities and impulses are expressed with
three Cartesian coordinates in the experiments.
Since a rendezvous problem is being considered,
the arrival velocity to the destination is not included
in the set of variables, as it is constrained to be zero
relative to the planet.

The resulting NLP will have a dimension equal (or
smaller depending on the mission type) to
(104+3N)M, where M is the number of legs consid-
ered, and a number of non-linear constraints equal

(or greater according to the decision vector encoding
chosen and to other mission details) to n.qM, where
Neq is the number of equations considered on the
dynamics (e.g. n.q =7 if a three-dimensional problem
with mass is considered).

4 GLOBAL OPTIMIZATION ALGORITHMS

The proposed transcription of the LT-MGA problem
is a continuous, constrained, non-linear optimization
problem. Since such class of problems usually pre-
sent local minimizers that are not global, they are
often unsolvable using only local optimization algo-
rithms. Practical experience shows that this is usually
the case with trajectory optimization problems,
regardless of the propulsion type. Thus, local solvers
must be used inside a global optimization strategy in
order to achieve solutions which are as close as pos-
sible to the optimal ones. Here, three different
approaches that have been tried on such problem
are described. Some procedures that the algorithms
will use is first defined.

1. G() is a procedure that randomly generates a start-
ing point. Ideally, the point is to be uniformly
distributed on the feasible region, but since the
problem’s feasible set is of a very small size, and
generating a point inside such region is a hard pro-
blem by itself, a procedure that uniformly gener-
ates points into a reasonable box is used.
Containing the feasible region.

2. S(x) is a procedure that, given a point x, computes
alocal minimizer of the objective function, taking x
as an initial guess. A software package called
SNOPT [17, 18] is for the tests, which implements
sequential quadratic programming.

3. Best(x, y) is a procedure that, given two solutions x
and y, returns the best one according to a fixed rule.
Since a constrained optimization problem is being
dealt with problem, Best(x, y) chooses the point
with the lower constraint violation norm value. In
case both points are feasible, then the point with
the lower objective function value is chosen
instead.

The first and most simple algorithm is called
Multistart (MS), which directly optimizes the points
obtained by a generator. Multistart can be described
by the following pseudo code.

1. let x*:=G()

2. fori=1,...,N

3. letx:=3g0

4. lety =8x)

5. let x":= Best(x", y)
6. end for
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Although for N big enough and reasonable choices
of G, S, and Best, MS will eventually converge to the
global solution, the extremely slow convergence rate
renders this algorithm unfit for the vast majority of
global optimization problems. However, because of
its simplicity, this algorithm can be effectively used as
a baseline to compare other solvers to.

The second algorithm is called Monotonic
Basin Hopping (BH), or Iterated Local Search [19].
In addition to the procedures previously used
by MS, Monotonic BH needs a procedure P(x)
that, given a point x returns another point randomly
generated in an conveniently defined neighbour-
hood of x. Such algorithm can then be described as
follows.

1. let Xpest:=G()
2. fori=1,...,N

3. letx:=G0
4. letx":=8(x)
5. letk:=0
6. while (k< MNI) do:
7. let y:=P(x")
8. let y*:=S(y)
9. if Best(y", x*) =y" then
10. let x*:=y*
11. let k:=0
12. else
13. let k:==k+1
14. end if

15. end while
16. let Xpesti= BeSt(xbest! X*)
17. end for

In practice, after a local optimization, instead of
generating a new point inside the whole feasible
region like is done with MS, the generation is
restricted inside a small region centre on the current
best point. If, as it happens with real-life problems,
the good solutions are clustered together, there is a
good chance that the series of perturbations and
reoptimizations will lead to the best solution con-
tained inside the cluster [20-23]. A new point is
then generated from the whole feasible set only
when no improvement has been made for a number
of times equal to a fixed parameter called Max No
Improve (MNI), which has been set to 500 during
the runs. The choice of the perturbation function usu-
ally determines the BH performance. A typical rule
is to choose a new point inside a small box or
sphere centred on the current point, but problem
knowledge, if available, can be used to better tune
the perturbation. As an example, when only two
different planets are considered, it can be expected
that by shifting a solution in time by a period equal to
the synodic period of such two planets, solutions

that are similar (and maybe better) than the current
one could be found. Hence, the perturbation rule
that has been used is composed by the following
two steps.

1. For each variable x; and its lower and upper
bounds /; and u;, add to x; a value uniformly
chosen in the interval [—r(u; — 1), r(u;— )] with a
small given value of r.

2. With a low probability p, shift the solution in
time, either forwards or backwards with equal
probability, by a time length equal to the synodic
period.

In the experiments, r=0.05 and p=0.1 is used.

Finally, the simulated annealing (SA) with adaptive
neighborhood has been used. The algorithm struc-
ture is similar to Monotonic BH, with some important
differences in key parts of the algorithm, which are
quickly described here. For a more complete descrip-
tion, refer to [24, 25].

First of all, the comparison in line 9 is modified to
allow for non-monotonicity. The problem is trans-
formed to an unconstrained optimization problem
using a penalty function to account for constraints
violations. Then, Best(x, y) returns x with probability
1 if f(x)<f(3), or with probability e/W—/)/T jf
f(0) > f(y). Tis the temperature parameter, which is
exponentially decreased every fixed number of
iterations.

Furthermore, the perturbation procedure P is
adaptive, meaning that the radius of the perturbation
is adjusted at every iteration. Such rvalue is increased
each time the generated point is accepted, and
decreased each time the point is refused.

Finally, the local optimization S is not executed at
each step of the algorithm, but just once at the end,
starting from the point returned by the SA with
Adaptive Neighborhood.

In the tests, the temperature parameter T starts
at 10 and is multiplied by 0.8 every 100 iterations.
The starting perturbation radius 7° is equal for
each variable to 0.05 times the width of the box, and
every K iterations a new value *! is obtained from
* using the following rule. Let p be the number
of accepted steps in the last K iterations, divided by
K Then

k(14259 if p>0.6
k1 ; )
et = @ if p<0.4
rk otherwise

K=10 is used, and the maximum number of itera-
tions was set at 2000.

All the code was written in C++, and compiled with
gcc on a GNU/Linux environment.
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5 NUMERICAL RESULTS

5.1 Nuclear electric propulsion mission
to Jupiter

The application of the global optimization framework
is demonstrated to perform preliminary design of tra-
jectories for a mission that employs nuclear electric
propulsion (Table 1). The spacecraft is assumed to
have a thruster with a constant maximum thrust
and a constant specific impulse, with similar hard-
ware parameters to the Jupiter Icy Moons Orbiter
[26-30] (a cancelled mission originally proposed by
NASA in 2003). In the example scenario, a planetary
encounter sequences of Earth-Earth—Jupiter (E-E-])
(i.e. one Earth flyby) which rendezvous at Jupiter is
considered.

The approach of this study begins with the three
global optimization algorithms solving an Earth-
Earth-Jupiter rendezvous problem which maximizes
the final mass (equation (5)). Ten segments (N=10)
are used for each leg and the dimension of this prob-
lem is 75 with 35 non-linear constraints (as Cartesian
coordinates were chosen to encode the A Vconstraint
on their magnitude is quadratic and thus increase the
number of non-linear constraints). First, the global
optimizers are let to run for a fixed time (~5h
for each algorithm) on a PC (AMD Turion@2.1 GHz
with 3GB of RAM) which produces hundreds of
trajectories. Then, feasible solutions that have a
norm . .. vector of less...10-6 is selected than 107°.

Table 1 Parameters for a nuclear electric propulsion

mission
Parameters Values
Initial mass of the spacecraft 20000 kg
Maximum thrust 2.26 N
Specific impulse 6000 s

Launch date

Launch V,

Maximum time of flight
Minimum flyby radius

01/01/2020 to 01/01/2030
< 2.0km/s

10 years

7000 km

Table 2 summarizes the results found by the three
global optimizers. It is noticed that many solutions
found by SA and MS fail to converge and therefore,
the number of solutions is less than BH. Figure 2 plots
the comparison of the three algorithms, which shows
that results found by BH always have higher final
mass than the other two methods, while SA and MS
have similar performance.

Figure 3 plots the x—y projection of a trajectory
found by BH with the highest final mass. On the
plot, the solid and dashed curves represent thrusting
and coasting segments, respectively; while a AV is
shown as an arrow in the midpoint of a segment.
In this example, the spacecraft leaves the Earth on
12 November 2021 with a V_, of 2km/s. It enters a
4:3 resonance orbit with a period of ~ 1.3 years and
goes around the Sun for three revolutions, before it
flybys the Earth after 3.8 years with an increased V,, of
8.5km/s. After the gravity assist at the Earth, its
aphelion increases for the transfer to Jupiter. After
7.4years of interplanetary flight, the spacecraft
rendezvous at Jupiter on 24 March 2029 with a final
mass of 17102 kg.

Besides the value of the objective function (final
mass), it is also interesting from a mission design
point of view that the optimization process is able
to find trajectories that launch on different dates.
In the example in Fig. 4, the difference in the final
mass is less than 200kg (or 1 percent of the initial
mass) for most launch periods. The 1 per cent penalty
of the final mass gives flexibility to the mission
designer to choose a different date in case there is a
change in the mission. The process is also able to
locate various locally optimal trajectory families,
which is interesting from an astrodynamics point of
view. From Fig. 5, It is noted that the ‘clusters’ of
solutions belongs to different Earth-Earth resonance
transfer orbit. For example, 1:1 resonance with flight
time ~400 days, 2:3 resonance with flight time ~800
days, and 3:2 resonance with flight time ~1100 days.
Unlike the case in the ballistic transfer, in the low-
thrust transfer case, the Earth—Earth flight time does
not exactly equal some integer multiples of Earth’s

Table 2 Algorithm statistics for the E-E-J mission

Algorithm Basin hopping Simulated annealing Multistart
Best (kg) 17102 17019 16961
Worst (kg) 10913 11924 11900
Mean (kg) 16235 16302 15930
Mean best 10 (kg) 17039 16912 16715
Standard deviation (kg) 1345 1160 1320
Number of solutions above 137 19 11
95% best (16 246 kg)

Number of solutions above 155 22 14
90% best (15391 kg)

Total number of solutions 183 24 18
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Fig. 2 Cumulative number of solutions for the E-E-J
mission
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Fig. 3 Trajectory plot of an E-E-J rendezvous mission

orbital period and the spacecraft does not encounter
the Earth at the same position from launch. However,
the mechanism in the low-thrust case is similar to
the chemical case [31], where the V,, at the second
Earth encounter is increased through some small
manoeuvres.

5.2 Mission to mercury

The second test case is a mission to Mercury,
inspired from the BepiColombo mission [32]. The
planetary encounter sequence is Earth-Venus—
Venus-Mercury-Mercury—-Mercury (EVVMMM) and
the mission parameters are presented in Table 3.
The mission parameters have been subject to many
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16000 box+ g M |
i . N
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S 15000+ + - + |
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E .
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12000 M . |
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Multistart x
10000 . , _ Simulated Annealing =
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Departure date (MJD2000)

Fig. 4 E-E-J solutions with various launch dates

18000 T T T T T T T T T T
17000 | . . . ”’; i . ?#*’ e ¥ 4
* 4
16000} x NCE ]
» +
+ .
S 15000 F L . 1
= + +
Py x X *
@ +
& 14000 | E
E *
< +
i 13000 - L A .
+ w vt o+
12000 * x 1
R
Basin hopping +
11000 . Multistart x |
Simulated Annealing *
10000

0 200 400 600 800 1000 1200 1400 1600 1800 2000 2200
Time of flight for the first leg (days)

Fig.5 E-E-J solutions with various Earth-Earth trans-
fer times

Table 3 Parameters for a mission to Mercury

Parameters Values

Initial mass of the spacecraft 1300 kg

Maximum thrust 0.34N

Specific impulse 3200s

Launch date 01/08/2009 to 27/04/2012
Launch V_, < 1.925km/s

Arrival V, < 0.5017km/s

No later than 26/11/2021
1.1 Rplanet

Arrival date
Minimum flyby radius

changes since the original concept. Here, the mission
as was described in a 2002 report from the European
Space Operations Centre [33] is considered. Unlike
the solar electric propulsion (SEP) used in the
BepiColombo mission, the SEP engine in is not mod-
elled in the test but rather assume the thrust and spe-
cific impulse to be constant. In comparison with the
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Table 4 Algorithm statistics for a mission to Mercury

Algorithm Basin hopping Simulated annealing Multistart
Best (kg) 1064 988 1052
Worst (kg) 101 111 100
Mean (kg) 724 522 530
Mean best 10 (kg) 1051 917 1032
Standard deviation (kg) 277 253 261
Number of solutions above 35 0 1
95% best (1011 kg)

Number of solutions above 88 14 31
90% best (958 kg)

Total number of solutions 345 94 756
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Fig. 6 Cumulative number of solutions for the
EVVMMM mission

first case, the number of flybys increases from one to
four and the dimension of the problem increases to
222 with 99 non-linear constraints. Also, a rendezvous
with Mercury with a V; of zero is not required, but the
spacecraft is allowed to have a 0.5 km/s speed differ-
ence with respect to the planet.

Because of the added complexity, the global solvers
were allowed to run for a longer time (~48h), and a
more performant machine (Intel Xeon@2.66 GHz
with 8 GB of RAM) is used. The test results are sum-
marized in Table 4. Monotonic BH found more than
300 locally optimal solutions, of which more than 80
are above 90 per cent of the best solution; while MS
found double the number of solutions than BH, but
with fewer high final mass trajectories (e.g. only 30
solutions are above the best 90 percent). SA only
found about 100 locally optimal solutions and with
less good quality solutions than the other two
algorithms.

From Figs 6 and 7, it is noted that the first one-third
of the solutions have a high final mass (over 900 kg)
and it covers many launch opportunities within
the search space. If the analysis is not restricted to
the solutions that are also locally optimal, then the
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Fig. 7 EVVMMM solutions with various launch dates

0.8

Venué
1= lyby

0.4+

0.2

Mercury®
15 flyby

y (AU)

Mercury
arrival

x (AU)

Fig. 8 Trajectory plot of a mission to Mercury

range of launch opportunities increases even more.
The trajectory of the ‘best’ solution (with the highest
final mass) is plotted in Fig. 8. Here, the spacecraft
leaves Earth on 13 April 2010, performs two flybys at
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Venus to lower its orbit, then encounters Mercury
twice to lower its V, to 0.5km/s before it arrives on
5 September 2015. Comparing such trajectory with
the one described in the BepiColombo early mission
planning stage, it is noted that the results are compa-
rable with those described in [33] (as cited in [34])
with regard to the overall shape of the optimal trajec-
tory, which includes the planetary resonances, the
times of flight, and the engine thrust periods, but
have been obtained using a completely automated
process.

6 CONCLUSIONS

Global optimization techniques are successfully
applied to achieve the automated design of two
instances of MGA LT interplanetary trajectories
within a ten-year wide launch window. The use of
the technique descried in this study is not limited to
the two particular problems here studied as it rests
upon a general interface between the Sims-Flanagan
trajectory model and a global optimization layer
hybridized with a local search as to deal efficiently
with the non-linear constraints. The resulting
method makes no use of expert knowledge and
starts from randomly generated trajectories, thus
achieving a completely automated design process.

© Authors 2011
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